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J_et n’-. be an affine translation plane of order q’ with GF(,i, in its kern. Suppose G is a 
subgroup of the translation complement of yr’z which leaves invariant a set A of q + 1 slopes and 
acts transitively on l,\A. We study the situation when G =SL(n, q) or kSL(n, q). 
We show that if G 1 A = identity, then VI= is a Hall plane, a Lorimer-Rahilly plane (LR-16) 
or a Johnson-Walker plane (JW-16). Moreover, if n 3 3, then G fixes A elementwise and ~‘5 is 
LR-16 or JW-16. 
Recently Cohen et al. [2, Theorem 6.21 showed that if the automorphism group 
of a finite quasifield is transitive on its non-kern elements, then the quasifielci s 
either a Hall system or it coordinatizes LR-16, the Lorimer-Rahilly plane of 
order 16 [12,16]. 
Geometrically the above result may be stated as follows. 
Let r be a spread whose components are subspaces of V = Vz,, 
(i) G E Aut r is such that G fixes at least two points of V that do not both lie in 
the same cowqonents of C 
(ii) G leaves invariant a set A of q + 1 compo 
Then the plane associaled with I’ is either a 
If we eliminate condition (i) from 
classification proble , considered by t 
be a spread in V = 
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Thus Theorem A analyzes (CP) by placing additional restrictions on the action 
of G viz. condition (i) of Theorem A. Another way of obtaining results related to 
(CP) is to assume G co’mes from a known family of groups and them to determine 
all possible r that may be linked with G so as to satisfy (Cl?). This approach has 
been adopted by Jha and Kallaher [9, Result II]. Their principal result related to 
(CP) are summarized in the following statement. 
In addition to tFe hypothesis of (CP) assume G centralizes a group of 
q - 1 kern homologie: (i.e. G lies in the ‘linear complement of n(n). Then: 
(a) G =SL!‘S, q) ivFzp2ies the foilowing: 
(i) r = 4 and GFj(q) is the full kern of r; 
(ii) G fixes each :menzber of A ; 
(iii) q is even. 
(b) if q = p = characteristic V and G = SL(3, p), then I is either LR-16 or its 
transpose plane JW-16 [l a]. 
In this paper we study (CP) mainly when G =PSL(n, q) or SL(n, q). For such 
groups we give fairly complete answers to the problems raised in (CP) for n a 3 
and even for n = 2 provic’ed that in the latter case r(T) is not of order q3 with q 
even (Theorem 3.3 and Corollary 3.4). In particular our analysis shows that the 
‘correct’ conclusion of YYheorem B, instead of (a) and (b), should simply be 
(Theorem 3.3(d)): G = Sk(n, q) and n > 3 3 G =SL(3,2) and ?r(n is LR-16 or 
‘We end this section by remarking that the argument needed in considering 
G = SL(n, q) or PSL(r2, q) can be applied to more general G provided we assume 
G 1 A = identity and that G is in the linear complement of w(.r); specifically, we 
allow G to be any subgroup of GL(n, q) or PGL(n, q) that contains a Sylow 
q-ycrbgroup of G. This approach to G is taken in Section 2 and the main 
comciusions for .-uch cG are summarized in Proposition 2.4. The main conclusions 
of this article are deduced from Proposition 2-J in the final section. 
e assume familiarity with the basic theory of translation plan.;;~ [5,14] and the 
y of linear and related groups indu elsw we give furt 
properties of translation planes that will be ust::d. 
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These follow from the remarks in [ 11, p. 1281 and [I 1, Theorems 2.9 (and 
In the next result, and indeed, throughout the paper, we adopt the following 
conventions on quasifields. 
Suppose F is a non-empty subset of a quasifield Q. Then Aut Q 
denotes tie automorphism group of Q and (Aut Q)F is the ehementwise sztabilizzr 
of F, in Aut Q. 
(Jha). Let Q be a quasifield of ordt*r qr and let F =z W(q) be a subfield 
of its kern. Then: 
(a) q” 1 ((Aut C&l + x s r - 1. 
(b) q’-’ 1 ((Aut Q),i + 9 = 2 and IQ1 = 16, or r = 2. 
. (a) is [7, Proposition 6.81 and (b) is [8, Kesult 2.171. 
The proof of the next result may be found in Jha and KJlaher [9, Theorem 
2.31. This result is in fact a special case of an interesting and very useful theorem 
due to Ostrom [EJ. 
(Ostrom). Let q be an odd prime power and supposc~ G = PSL(2, ‘9) is 
in the linear complement of a spread in V&SF(q)). Then 4 divides n. 
(Foulser). The elementwise stabilizer of a Baer :cubplane, in the full 
collineation group of a finite translation plane, is a solvable group. 
. See [3, Theorem 31. 
Walker [19] and Schaeffer [ 171 have completely determint d the finite transila- 
tion planes of order (a2 whose complements include both SL(2, q) and a grou 
(q- I) kern homologies. ences of their work will be nee&d. 
slopes eleme~twise 
ts of the permutation grou 
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Throughout this a~,. +le we study the following special case of the classification 
problem (CP) mentioned in the introduction. 
(9 l . (a) VI= denotes an affine translation plane of order q’ with 
characteristic p and a kern subplane of order q. 
(b) G is b collinecticlln group of T’- that fixes an afine point 0. Also, 
(i) G leaves invarrdnt a set A of q + 1 slopes; and 
(ii) G acts tra&ively on lJ A. 
(c) n > 1 is an integer such that: 
(i) G c CX(n, q) or PGL(n, q); and 
iii) The Sylow p-subgroups of G have order q”(r~W’? 
Jn this section, in addition to (*), we further assume* 
(**) . . (a) F(G)zA. 
(b) G centralizes a group of q - 1 kern homolo@ea 
Let P be any Sy’iow p-subgroup of G. Now G 1 A = identity shows that 
a plane while ( * *) (b) shows that F(P) xqtains a kern plane of order q. 
Hence T may be coordinatized by a quasifield Q with a kern fieid F= GF(q) 
such that IIp( 1 \(Aut Q,,l. So by (*:) (c)(ii): 
4 n(n-1)/2 1I(Aut Q),l and IQ1 = IF\‘. 
ence fn(n - 1 b < r (Result 0.2). This completes the proof. 
e now recall the following result on primitive &visors [l]. 
Get be any prime power and t m-r integer > 1. 
’ I_. 1 has a prime divisor d such that: 
= 2” - 1 for some integer x. 
. 
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. Suppose (*) and (* *). Then 
(a) ~2~3 and r~4; and 
(W ?l=23rS3. 
. In (*) we assume that G lies in some factor group of GL(n, q). Thus the 
transitivrty of G on E,\ A gives: 
qr - q 1 (qn _ l)(qn-l _ 1) . . . (q _ 1) qn(n-1)/2 
so q’-‘- 11 IIZ, (qi - 1). 
This contradicts Result 2.2 unless one of the following cases occur: 
(i) r - 1s n, 
(ii) t - 1 = 2, 
(iii) r = 7 2nd q = 2. 
Case (iii) czannot occur because the involutions in G 
when q is even. 
Next suppose case (ii) occurs. Then Lemma 2.1 shows 
consistent with conclusio:.r (b). 
Finally, we consider case (i). Now Lemma 2. I yields: 
n 2 r- 1 a$n(n - 1). 
Hence we must have n =3 and r-4 or n=2 and rs3. 
The lemmzl follows. 
We now prove the main result of this section. 
are Baer collineations 
r=3 and n=2. This is 
2. 
true :
If both ( * ) and ( * * ) hold, theiz at least oYte of the following is 
(i) +I& has order 16 and n = 3, 
(ii) n = 2 and IT’- has order q2 or q3. 
Suppose n > 3. Then the previous lemma shows that n = 3 and r s 4. Now, 
argurng as in Lemma 2.1, 7r may be coordinatized by a quasifield Q such that 
F = GF(q) C_ kern (2 and: 
q3 1 Ib+ut a4. 
Result (U(b) gives IQ\ = 16 or lC?l= e latter possibility 
sult 0.2(a) and thus case (i) must occur when n 2 3. 
If n = 2, then we get (ii) because of 
the proposition. 
Lemma 2.3( 
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Suppose (*) holds and that G is isomorphic to SL(n, q) or PSL(n, q). 
Then G lies in the linear translation complement of v’=. 
* On considering the natural epimorphism 
T2(2n, q) + T2(2n, q)/GL(2n, q) s Z&_-r 
we see that all the Sylow p-subgroups of G, and hence G itself, is in GL(:!n, q). 
The result follows. 
Let q be any prime power. Then: 
(a) The imallest transitive representation of PSL(3, q) has degree q2+ q + 1. 
(b) Every transitive representation of SL(3, q) has degree at least q2 + q + 1. 
. (aj For odd q the result is Mitchell [13, Theorem 2.91. Using the same 
element; Y argument that Mitchell used, we may, using Hartley’s list of all 
subgroups of PSL(3, q) [4, pp. 157-1581, come to the same conclusion, when 
q =: 2k. 
i b) Let cp be any epimorphism from SL(3, q) onto PSL(3, q). Then obviousl:r: 
IPSL(3, q)\ = lsLt3, q)l where ucs =3 iff ker<p#l. 
F % 
NOW let S be a proper subgroup of SL(3, q) with the maximum possible order. 







_A+ I=439 dl _Jw3, dl 
PI 
Ipw3, dl= q2 + 4 + 1 
z-+Jml = Ids)1 
* [SL(3, q) : spq2+q+ 1 
and tF L csul t follows. 
We can now state our main result. 
Let ?T’= denote an a$ne framktion ??lane of order q’ with @F(q) in 
ose G is a subgro+ p in a translattor complPrnent of rr’- s~dch that G leaves 
invariant a set A of q + l slopes while 
is LR-16 or 
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(c) If 6 = SL( n, q) and F(G) 1 A, then rr’- is one of the following planes: 
(i) a Hall plane of order q2, 
(ii) LR-16, 
(iii) JW-16, 
(d) G = SL(n, q) and n 3 3 3 zr’= is LF!-16 or JW-16. 
. We begin by observing that Lemma 3.1 shows that all the above G are in 
the linear complement of &= and so we may assume ( * * ), as well as ( * ), 
whenever G 1 A = identity. 
(a) Result 3.2(a) shows that G is not faithful on A. But G is simple for n ;s 3 
and so G 1 A = identity. Now Proposition 2. shows that G = PSL(3, q) and &a is 
of order 16. In particular, since q is even G 2 PSL(3,2) and so the Johnson- 
Ostrom Theorem (Result 0.1) gives the required conclusion. 
(b) Because of part (a) we may assume G = PSL(2,q). Hecce Proptisition 2.4 
(ii) shows that & is of order q2 or q3 and hence, using Result 0.3, q is even. 
Let Q be any involution in G. Since rr’- is of even order and (I! 1 A = identity we 
see that cy ic a Eaer involution. Since cy is also linear over GFeq) the order of VI= 
cannot be q3 and hence must be q2. 
Now Result OS(b) gives the required conclusion. 
<c) Now Proposition 2.4 shows that one of the rollowing occurs: 
(i) ?T~- has order 16 and ;C; = SL(3,2) or SL(3., 4). 
(ii) & has order q2 or q3 and G =z SL(2, y). 
Case (i). G >SL(3,2) = PSLc3,2) + & is LR-16 or JW-16 ( 
Case (ii). The required conclusion will follow, using Result 0.5, if we can show 
that &- has order 42. 
To get a contradiction we assume that &- has order q3. Then, as in part (b), we 
may assume that the involutiors in G are not Baer collineations. Thus q is odd 
and the unique involution in G is a kern homology. But then G 1 I, is too small to 
be transitive on l,\ A. Thus rr’- cannot be of order q3 and (c) follows. 
(d) By Result 3.2(b) we have G 1 SL(3, q) and G 1 A = identity. Now the only 
normal subgroups of G arb scalar groups and so G itself must act trivially on A. 
Now Proposition 2.4 shows tha: &= has order 16 and G 2 SL(3.,2)= PSL(3,2). 
Again, Result 0.1 gives the desired conclusion. 
-16, then Walker [IS rks (1) and (2), p. 2771 
up SL(3,2) x s3. using t rmation and inspecting 
the proofs of the above theorem immediately giv 
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Moreover each possibility for G, on the .PHS of the implication signs, d 3es 
actually occur. 
Finally we observe that if we remove the hypothesis ‘F(G) 2 A’ or “n 3 3’ for 
any part of Theorem 3.2, then the corresponding conclusion becomes false. This is 
an immczdiate consequence of the following fact. 
. The a@ne desarguesian plane of order q3 admits G = SL(2, q ) in 
its translation complement G leaves a set A of q + 1 slopes invariant and, when q is 
even, acts transitively on the remaining slopes. 
Let F- GF(q3) 3 GF(q) = K. In T(F), the desarguesian plane coor- 
dinatied by F, set A = [a]n n(K). 
Now regarding TV”’ as the vector space V,(F), we see that G = SL(2, K), 
acting on V,(F) in the natural way, is a collineation group leaving A and (Cl, 0) 
invariant. Moreover, if we coordinatize as in [S, Chapter V], then (f) E [m]\A is 
fixed by 
if and only if 6f ‘+ (a - d)f + c = 0. 
But since GF(q)-irreducible polynomials do not split in GF(q3) we can (only 
have a = d and b = c = 0. Thus only the scalars in Sk(2, K) fix elements on [w 
Mence if q is even, then SL(2, q) is semiregular on [QJ]\A. But since 
ISL(2, q)l= q3-q = l[m]\Al 
we see that SL(2, q) must also be transitive on !,\,A. This completes the proof of 
the proposition. 
e research and the writing of this article was carried out while the author was 
a Post octoral Research Fellow at Washington State University. The author 
thanks University, and especially Professor ic . *%aeI Kallaher, for the hos@tal- 
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